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A study of 4α linear-chain structure in high-lying collective excitation states of 16O with a co-
variant density functional theory is presented. The low-spin states are obtained by configuration
mixing of particle-number and angular-momentum projected quadrupole deformed mean-field states
with generator coordinate method. The high-spin states are determined by cranking calculations.
These two calculations are based on the same energy density functional PC-PK1. We have found
a rotational band at low-spin with the dominated intrinsic configuration considered to be the one
that 4α clusters stay along a common axis. The strongly deformed rod shape also appears in the
high-spin region with the angular momentum 13− 18~; however whether the state is pure 4α linear
chain or not is less obvious than that in the low-spin states.
PACS numbers: 21.60.Jz, 21.10.Re, 23.20.-g, 21.10.Gv
I. INTRODUCTION
The excited states close to particle emission threshold
in doubly-magic 16O have been of much interest due to
the formation of α clustering structure, which is different
from the spherical ground state with shell-like picture. In
particular, the possible existence of 4α linear-chain struc-
ture (LCS) in highly excited states of 16O has been under
intensive discussion. About half-century ago, Chevallier
et al. observed resonant 2+, 4+, and 6+ states in the reac-
tion 12C(α, 8Be)8Be and proposed that these states may
correspond to the rotating states with 4α LCS. The mo-
ment of inertia (MOI) was estimated as ~2/(2J ) = 64
keV with band-head excitation energy of 16.8 MeV [1].
This proposal was supported by the analysis of decay
widths for the states [2]. Later, Freer et al. performed
the 12C(16O, 4α)12C reaction, and obtained a slightly
smaller MOI (96± 20 keV) with bandhead excitation en-
ergy of 17.0 ± 0.7 MeV [3]. The calculation by Bauhoff
et al.[4] using the Brink’s α cluster model (ACM) sup-
ported the existence of 4α LCS state in low-spin states
of 16O, which predicted the MOI to be 64 keV and the
band-head excitation energy of 16.3 MeV, in excellent
agreement with the data [1]. Most recently, a new mea-
surement of the 12C(α, 8Be)8Be excitation function was
carried out. Unfortunately, this experiment did not pro-
vide any evidence to support the existence of 4α LCS in
16O [5].
The formation of cluster structure in finite quan-
tum many-body systems in itself is an interesting phe-
nomenon. In nuclear physics, the cluster structure is es-
sential to understand many problems of nuclear structure
and reactions. A fully microscopic understanding of clus-
ter formation necessitates the treatment of the individual
nucleons as the fundamental ingredients, with the clus-
ters and their properties emerging automatically from
the calculations, instead of assuming a priori certain ge-
ometrical arrangements for the clusters. Self-consistent
mean-field approaches with all nucleons treated on the
same footing provide us good tools for understanding
these phenomena from this aspect. The previous studies
in this context have shown that the nucleons are prone to
form cluster structure in the nuclear system with either
high excitation energy and high spin with large defor-
mation [6, 7], deep confining nuclear potential [8, 9], or
expansion with low density [10].
In the recent decade, several studies based on selfcon-
sistent mean-field approaches have been carried out for
the 4α LCS in 16O. The relativistic mean-field (RMF)
calculations with a constraint on nuclear quadrupole mo-
ment demonstrated the existence of 4α LCS in hyper-
deformed mean-field state with deformation parameter
β ≃ 3.6 and excitation energy of 37 MeV [11, 12]. It can
be understood that the degeneracy of single-nucleon lev-
els is reduced by deformation since the spherical symme-
try is lost, but can be recovered at some specific deforma-
tions, for example, with the long-short axis ratio around
2:1 (superdeformed shape) or 3:1 (hyperdeformed shape),
which favors the formation of clusters [13]. The stability
of this state against quadrupole shape fluctuation in 16O
has been studied with a generator coordinate method im-
plemented with particle-number and angular-momentum
projection (GCM+PNAMP) based on a non-relativistic
Skyrme-Hartree-Fock (SHF)+BCS calculation with SLy4
force [14]. It was found that the 0+6 state with dominated
8p-8h character and excitation energy of 32 MeV is close
to the 4α LCS. A more recent calculation by Ichikawa
et al. [7] using a cranking SHF method suggested that
a rapidly rotating 16O can deform into the 4α LCS in
the region of angular momentum (13 − 18~). The MOI
2was estimated to be around 60 − 80 keV with a very
high band-head energy 38 MeV. The formation of LCS
in high-spin state was regarded as a result of the compe-
tition between nuclear attractive and centrifugal forces
due to rapid rotation. It means that even without taking
into account the orthogonality condition to the low-lying
state, which can enhance the stability of LCS and was
considered in Refs. [15–17], one finds a region of angular
momenta for the formation of LCS in high-spin states.
In recent years, the structure of the proposed 4α LCS
rotational states in Ref. [1] has been mainly interpreted in
two different ways. A study of the structure and scatter-
ing of α+12C system using a double folding model in the
coupled-channel method [18] and a calculation with 4α
orthogonality condition model (OCM) [19] suggest that
the rotational states have the 12C(0+2 )+α cluster struc-
ture. On the other hand, most recently, the 4α LCS in
16O was investigated with the Brink model wave func-
tion by Suhara et al. [20], suggesting that the 4α LCS
has the one-dimensional α condensate character, where
the α clusters are trapped into a one-dimensional poten-
tial in a nonlocal manner, like a gas.
The aim of this work is to search for the 4α LCS in
16O with a covariant density functional theory (CDFT),
which has already achieved great success in describ-
ing variety aspects in nuclear physics [21–24]. On one
hand, it has been pointed out in Ref. [8] that relativistic
energy density functionals (EDF) are characterized by
deep single-nucleon potentials and therefore are prone to
predict the occurrence of much more pronounced clus-
ter structures in nuclear ground state than the non-
relativistic EDF. On the other hand, most clustering
states appear in light nuclei and are deformed in the in-
trinsic frame. The effects from shape fluctuations and
restoration of rotational symmetry need to be exam-
ined. Moreover, the cluster structure in nuclear excited
states has not been studied with a relativistic functional.
Therefore, the search for the 4α LCS in both low-spin
and high-spin excited states of 16O and the investigation
of the structure properties of these exotic states based on
a relativistic EDF are very interesting. To this end, both
the GCM+PNAMP and cranking methods on top of the
CDFT are adopted.
The paper is organized as follows. In Sec. II, we in-
troduce the basic formulae of the CDFT and its ex-
tension for nuclear collective excitation states briefly.
The results from both GCM calculation for nuclear low-
spin states and cranking calculation for nuclear high-spin
states based on the CDFT are presented and discussed
in Sec. III. Finally, a summary and outlook are given in
Sec. IV.
II. THEORETICAL FRAMEWORK
The starting point of the point-coupling type of CDFT
is an EDF which has the following form [25, 26],
EDF[ρi,∇ρi, jµi ,∇jµi ]
= Tr[(α · p+ βm)ρV ]
+
∫
dr
(
αS
2
ρ2S +
βS
3
ρ3S +
γS
4
ρ4S +
δS
2
ρS△ρS
+
αV
2
jµj
µ +
γV
4
(jµj
µ)2 +
δV
2
jµ△jµ
+
αTV
2
jµTV (jTV )µ +
δTV
2
jµTV△(jTV )µ
+
1
4
FµνF
µν − F 0µ∂0Aµ + e1− τ3
2
jµA
µ
)
, (1)
where densities ρi and currents j
µ
i are bilinear combina-
tions of Dirac spinors, namely ψ¯Γiψ with i = S, V, TV
representing the symmetry of the coupling. The sub-
script S stands for isoscalar-scalar (ΓS = 1), V for
isoscalar-vector (ΓV = γ
µ), and TV for isovector-vector
(ΓTV = γ
µt3) type of coupling characterized by their
transformation properties in isospin and in space-time.
Aµ is the four-component electromagnetic field. The cou-
pling constants αi, βi, γi, δi are determined in the opti-
mization of the EDF for the properties of several finite
nuclei and nuclear matter [25, 26].
In the following, we will introduce the extensions of
the CDFT for low-spin and high-spin states separately
in a brief way. More detailed description can be found in
Refs. [27–31] and Refs. [24, 32, 33] respectively.
A. The GCM calculation for low-spin states
The wave function of nuclear low-spin state is given by
the superposition of a set of both particle-number and
angular-momentum projected (PNAMP) quadrupole de-
formed mean-field states in the framework of GCM [31],
|JNZ;α〉 =
∑
q,K
fJNZKα (q)Pˆ
J
MK Pˆ
N PˆZ |q(β, γ)〉. (2)
where α = 1, 2, . . . distinguishes different collective states
with the same angular momentum J . The operators
PˆN , PˆZ , and Pˆ JMK project onto good neutron and pro-
ton numbers and onto good angular momentum. The
mean-field states |q(β, γ)〉 are Slater determinants of
single-(quasi)particle states from the RMF+BCS calcu-
lation with constraints on the mass quadrupole moments
Q20 =
√
5
16pi
〈2z2− x2 − y2〉 and Q22 =
√
15
32pi
〈x2 − y2〉,
where the deformation parameters β, γ are related to
the quadrupole moments by β =
4pi
3AR2
√
Q220 + 2Q
2
22,
γ = tan−1(
√
2
Q22
Q20
), respectively, with R = 1.2A1/3 and
3A being the mass number. For simplicity, the mean-field
states |q(β, γ)〉 are restricted to axially deformed, namely,
γ = 0◦ (prolate) and 180◦ (oblate). In this case, K = 0,
and the fJNZKα is replaced with f
JNZ
α . Moreover, q(β, γ)
is abbreviated with β subsequently.
Minimization of nuclear total energy with respect to
the coefficient fJNZα leads to the Hill-Wheeler-Griffin
(HWG) equation [34],
∑
β′
[HJ (β, β′)− EJαN J (β, β′)]fJNZα (β′) = 0, (3)
where N J (β, β′) and HJ(β, β′) are the norm kernel and
the energy kernel, respectively. The solution of HWG
equation provides the energy spectrum and all the in-
formation needed for calculating the electric multipole
transition strengths in low-spin excited states.
B. The cranking RMF calculation for high-spin
states
The GCM+PNAMP method can provide nuclear ex-
cited states with good quantum numbers, which are es-
sential for spectroscopic study. However, it is currently
limited to low-spin states due to the computation dif-
ficulty. To obtain nuclear high-spin states, we are re-
stricted to the semiclassic cranking method on top of the
CDFT, in which the nucleus is cranked along x-axis with
a constant rotational frequency ω. The wave function
of single-particle (s.p.) state is the solution of the Dirac
equation in body-fixed rotating frame, which turns out
to have the following form [24, 35],
(h0 − ωJx)ψk(r, s, t) = εkψk(r, s, t), (4)
where the single-particle Hamiltonian in non-rotating
frame h0 is
h0 = α · [−i∇−V(r)] + β(m+ S(r)) + V0(r). (5)
The εk and ψk are the energy and wave function of single-
particle (s.p.) state in rotating frame, respectively. m is
bare nucleon mass. The S(r), Vµ(r) represent the scalar
potential and vector potentials. The V(r) is the space-
like (time-odd) component of vector potential, which is
often called nuclear magnetism [21] and is nonzero only in
time-reversal invariance violated systems. In the crank-
ing RMF approach for a rapidly rotating nucleus, the
Coriolis term ωJx violates the time-reversal invariance in
the intrinsic frame and therefore generates the nonzero
nuclear magnetism term V (r).
C. Expansion of Dirac spinor on a basis
The Dirac equation in both deformation constrained
RMF+BCS and cranking RMF calculations is solved by
expanding the Dirac spinor ψk on a three-dimensional
harmonic oscillator (HO) basis in Cartesian coordinates,
ψk(r, s, t) =
(
fk(r, s)
igk(r, s)
)
χk(t), (6)
where χk(t) is the isospin part and
fk(r, s) =
∑
α
fαk|α〉+
∑
α¯
fα¯k|α¯〉, (7a)
gk(r, s) =
∑
α˜
gα˜k|α˜〉+
∑
¯˜α
g ¯˜αk| ¯˜α〉. (7b)
The HO basis {α, α¯} are chosen as eigenstates of the
x-simplex operator Sˆx = Pˆ e
−iπJˆx with positive and neg-
ative eigenvalues


|α〉 = |nxnynz〉 i
ny
√
2
(
1
(−1)nx+1
)
,
| ¯˜α〉 = |n˜xn˜yn˜z〉 i
n˜y
√
2
(−1)n˜x+n˜y+1
(
1
(−1)n˜x
)
,
(8)
where |nxnynz〉 is the space part of the three-dimensional
HO wave function. The phase factor iny is chosen in order
to have a real matrix elements for the Dirac equation [36].
In the deformation constrained RMF+BCS calculation
for generating mean-field reference states as inputs of
GCM calculation, the symmetries associated with par-
ity, x-simplex, and time-reversal invariance are imposed.
In this case, one has to expand the Dirac spinor only in
half of the full basis with positive or negative simplex
eigenvalue. Therefore, we expand the large fk and small
gk component in Eq. (7) only on the basis with positive
and negative x-simplex values, respectively. In the crank-
ing RMF calculation for high-spin states, we adopt the
tilde-cranking code developed in Refs. [24, 32, 33] and
restrict the rotation along x-axis. In this code, only the
symmetries associated with parity (P ) and the combina-
tion of time reversal (T ) and space reflection with respect
to x-z plane ( Pˆy : y → −y) are imposed. Since the time-
reversal invariance is violated by the coriolis term, the
time-reversal partner states are not degenerate in energy.
The Dirac equation has to be solved in the full basis with
both positive and negative x-simplex values, cf. Eq. (7).
More details are also introduced in the review paper [24].
III. RESULTS AND DISCUSSIONS
In both the deformation constrained RMF+BCS and
cranking RMF calculations, 12 major HO shells are
adopted, which turns out to give difference in total en-
ergy within 1 MeV compared with the value by 14 major
shells for the configurations with deformation parameter
β up to 4.0. We note that the GCM+PNAMP calcula-
tion with 14 major HO shells for the expansion of Dirac
spinor is very time-consuming. In particular, as we will
see in the results, this energy difference is marginal and
4will not have much influence on our conclusions, com-
pared with the excitation energy of LCS candidate states.
To implement the AMP for the deformed states, the os-
cillator lengths for HO basis are chosen to be isotropic
bx = by = bz =
√
~/mω0 to keep the basis closed under
rotation [37], where the oscillator frequency is given by
~ω0 = 41A
−1/3. There is no parameters in our study
other than those in the EDF, for which the relativis-
tic point-coupling parametrization PC-PK1 [26] is used
throughout this work. In the deformation constrained
RMF+BCS calculation, a density-independent δ force
implemented with an energy-dependent smooth cutoff
factor [38] is adopted in the same way as the PC-PK1
was parameterized. In the cranking RMF calculation,
pairing correlations between nucleons are neglected due
to the anti-pairing effect of the Coriolis term.
A. Low-spin states
Figure 1(b) displays the mean-field and both particle-
number and angular-momentum (PNAMP) projected en-
ergy as a function of the intrinsic quadrupole deformation
β in 16O. To search for the LCS in the mean-field state,
we also plot the density profiles for some configurations
on the curve. It is shown that there is a shoulder on
the energy curve around β = 3.6, at which an evident
4α LCS is found. The excitation energy of this state
is 39.1 MeV. After restoration of rotational symmetry,
this energy is reduced to 31.5 MeV. The configuration
mixing calculation predicts the excitation energy of 0+
state with the 4α LCS to be 29.6 MeV. The result is
consistent with the value of 32.0 MeV obtained by the
previous GCM+PN1DAMP calculation using the SLy4
force [14], which suggests a 8p-8h character for this state.
However, these values are still much higher than the sug-
gested value of 16.8 MeV in Ref. [1]. This might be at-
tributed to the spurious center-of-mass motion of each
alpha particle not being correctly treated in the mean-
field approaches [7, 10].
It is well known that bending motion is the main
path for the breaking of linear chain configuration,
which allows the structure change to other low-lying
states [39, 40]. This bending motion can be investigated
by allowing triaxial deformation. To check the stability
of the LCS against the distortion of triaxial deformation,
we have calculated the total energy of mean-field states in
the β-γ plane for 16O, as shown in Fig. 2. It is seen that
the energy of mean-field configurations with β ∈ [2.8, 4.0]
increases rapidly when the γ deformation increases from
zero to 5◦. For β = 2.8 the increase is about 3 MeV, and
the increase gets larger for more deformed states; about
12 MeV for β = 4.0. To examine further the influence
of restoration of rotation symmetry, we carry out AMP
calculation for some triaxial states with β = 3.2. After
projected onto J = 0, the energy of state is −95.2 MeV
for γ = 5◦ and −89.8 MeV for γ = 10◦, which is much
higher than the energy of axial state (γ = 0◦) −96.8
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FIG. 1: (Color online) (a) Spin-orbit interaction energy SO1
(9) and sum of spin-orbit splitting energy SO2 (10) and (b)
total energy of the mean-field and PNAMP states (normalized
to the energy of 0+1 state) in
16O as a function of the intrinsic
quadrupole deformation β. The horizontal short lines with
bullets are the GCM solutions. Only the states with similar
dominated configurations (oblate, prolate, and LCS respec-
tively) are plotted and placed at their “average” deformation
β¯ =
∑
β
|gJα|
2β, cf.(12). The insets are the contours of intrin-
sic total density on y-z (x-y) plane at x = 0.3 (z = 0.3) fm for
some typical prolate (oblate) configurations along the curve.
MeV. In other words, the LCS should be stable against
the γ-vibration.
Besides the rotational band with 4α LCS (with β ∈
[2.8, 4.0]), an oblate deformed rotational band (with β ∈
[−1.0,−0.5]), together with a prolate deformed rotational
band (with β ∈ [1.0, 2.0]), which is similar to the “kite”
structure found in Ref. [11], is displayed in Fig. 1. In
what follows, the states dominated by the mean-field con-
figurations with β ∈ [1.0, 2.0] are labeled with “prolate”
states. Moreover, when the deformation parameter β is
increased up to β = 4.8, a structure of 8Be+8Be appears
in 16O, which is beyond the scope of the present study.
In the following, we will study the structure of the 4α
LCS candidate states in details. First, we examine the
spin-orbit interaction in the dominated configuration of
the LCS candidate states. Fig. 1(a) displays the spin-
orbit interaction energy
SO1 = −
∑
k
v2k〈k|Vs.o.|k〉, (9)
and the sum of the matrix elements with its absolute
values
SO2 =
∑
k
v2k
∣∣∣〈k|Vs.o.|k〉
∣∣∣. (10)
for each mean-field state |β〉, where a “−” sign is intro-
duced in defining SO1 to have positive values because
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FIG. 2: (Color online) Mean-field energy surface in the β-γ
plane for 16O. Two neighboring contour lines are separated
by 2.0 MeV.
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FIG. 3: (Color online) Comparison of the spin-orbit interac-
tion matrix element 〈k|Vs.o.|k〉, cf. (11), for the k-th occupied
s.p. state in the mean-field states of 16O with β = 0.0 and
β = 3.6.
the spin-orbit interaction is attractive, v2k is the occupa-
tion probability of the k-th s.p. state in the mean-field
state |β〉 and the matrix element is given by [21, 41]
〈k|Vs.o.|k〉 = 〈k| 1
4m2
(∇Vℓs) · (p× σ)|k〉, (11)
with Vℓs =
m
meff.
(V0 − S)(r), and meff. = m − 1
2
(V0 −
S)(r). As in Ref. [42], only the large component in the
Dirac spinor ψk is used in the calculation of quantity
〈k|Vs.o.|k〉. One finds that for the spherical state the
SO1 is very small due to shell closure (not exact zero be-
cause of the elimination of small component in the Dirac
spinor), while the SO2 is very large, which reflects the
size of spin-orbit splitting energies. Moreover, it is shown
that the SO2 decreases with the deformation |β| in both
oblate and prolate sides. In particular, the values of SO1
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FIG. 4: (Color online) (a) Experimental and (b) calculated
low-spin spectra for 16O. The data are taken from Refs. [43,
44].
and SO2 become close to each other in the configurations
with |β| > 1.0, which is a sequence of immigration of nu-
cleons from spin-orbit anti-parallel states to spin-orbit
parallel states with the increasing of quadrupole defor-
mation β. The SO1 value turns out to be about 3.8
MeV for the configuration at β = 3.6 with 4α LCS. Fig-
ure 3 shows the comparison of matrix element 〈k|Vs.o.|k〉
for each occupied s.p. state in the mean-field states with
β = 0.0 and β = 3.6. We note that the 〈k|Vs.o.|k〉 values
at β = 3.6 are much smaller than those at the spherical
shell-like state. In particular, the values of the matrix
elements for β = 3.6 are always negative, which indicates
that the spin and orbital angular momenta of all nucle-
ons are parallel to each other. The spin-orbit interaction
energy SO1 is not exactly zero, which may indicate that
there exists a small mixture of non α-cluster components
in the configuration. However, we note that the values of
SO1 and SO2 in the oblate state with β = −1.2 are also
very small, about 3 MeV. It means that small spin-orbit
energy is a necessary condition for the cluster (spin sat-
urated) state and can be regard as a measure, but this is
not exactly a sufficient condition.
TABLE I: The rms charge radius RJc (fm), spectroscopic
quadrupole moment Qs (e fm
2) and E2 transition strength
B(E2 ↓) (e2fm4) for the low-spin states labeled with “pro-
late” from the GCM+PN1DAMP calculation using the PC-
PK1 force. The results are compared with other calcula-
tions [14, 45, 46] and the experimental data [47]. See text
for more details.
B(E2 ↓)
Jpi RJc Qs Present Ref. [14] Ref. [46] Ref. [45] Exp. [47]
0+ 3.01 0
2+ 3.05 -23.0 97.9 48.2 177 60.1 65± 7
4+ 3.07 -29.6 192.1 290 96.2 156± 14
6+ 3.11 -34.5 226.9 81.6
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FIG. 5: (Color online) Collective wave functions of the oblate,
“SD”, and LCS candidate states with J = 0, 2, 4, 6 from the
GCM+PNAMP calculation.
TABLE II: The excitation energy Ex (MeV), rms charge ra-
dius RJc (fm), spectroscopic quadrupole moment Qs (e fm
2)
and E2 transition strength B(E2 ↓) (e2fm4) for the low-spin
states with dominated 4α LCS from the GCM+PN1DAMP
calculation using the PC-PK1 force. The calculated rms
charge radius for the ground state is 2.76 fm. The ratio
RJc /R
g.s.
c is around 1.4.
Jpi Ex R
J
c Qs B(E2 ↓)
0+ 29.6 3.88 0
2+ 30.4 3.95 -50.4 561
4+ 32.0 3.99 -66.5 874
6+ 34.8 4.02 -74.4 663
Figure 4 displays the calculated low-spin spectra of 16O
in comparison with experimental data. Following Ref. [4],
the level sequences with similar structure are connected
with dotted lines. Even though the calculated excitation
energies are systematically higher than the data, three
rotational bands based on different configurations are
shown. The excitation energies of “prolate” rotational
states are in qualitative agreement with the measured
levels connected with dotted lines, the band-head state
of which (0+2 ) has been a mysterious state and was sug-
gested to have 12C(0+1 )+α structure in Refs. [45, 46, 48–
50]. Table I presents the detailed properties of these
states. The calculated intraband E2 transition strengths
are in rather good agreement with the data [47]. How-
ever, we obtain the interband E2 transition strengths
B(E2 ↓; 2+1 → 0+1 ) = 0.16 e2fm4, which is more than one
order of magnitude smaller than the data 8.1 ± 0.8 e2
fm4 [43]. The intraband E2 transition strength B(2+1 →
0+2 ) is overestimated in the GCM calculation based on the
extended 12C+α model [46] and the present study, but
is underestimated in the GCM+PNAMP study based on
the Skyrme force [14].
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FIG. 6: (Color online) The total density distribution (in
fm−3) of intrinsic states with deformation parameter β = 2.8
(a), 3.2 (b), 3.6 (c), and 4.0 (d).
Figure 5 displays the square of collective wave func-
tions |gJα(β)|2 as a function of deformation β for the
states with oblate, prolate and LCS characters, where
the gJα(β)s are related to the weight function f
JNZ
α in
Eq.(2) by the following relation,
gJα(β) =
∑
β′
(N J (β, β′))1/2fJNZα (β′), (12)
and are orthonormal to each other. It is shown in
Fig. 5 that the collective wave functions of 0+, 2+, 4+
LCS candidate states are very similar with a sharp peak
at β = 3.2, while the 6+ state is fragmented. Moreover,
the LCS candidate states are isolated from the low-lying
states, which is consistent with the findings in the GCM
calculation within a microscopic Nα-cluster model [51].
Table II presents the properties of the low-spin 4α LCS
candidate states. The rms charge radii RJc of these states
are around 3.9 fm. The ratio to the rms charge radii of
ground state RJc /R
g.s.
c is around 1.4, in surprised agree-
ment with the theoretical threshold value of ∼ 1.45 for α
formation [10].
Figure 6 displays the density of the dominated mean-
field configurations in the 4α LCS candidate states with
deformation parameter β = 2.8, 3.2, 3.6 and 4.0. The
4α LCS is shown clearly in these configurations, espe-
cially at β = 3.6. The distribution of the collective wave
functions of 0+, 2+, 4+ LCS candidate states in Fig. 5
shows that the configuration with β = 3.2 is the most
dominated component, although the total energy curve
exhibits a shoulder at β = 3.6. It indicates that the
GCM+PN1DAMP calculation gives a less 4α LCS. To
understand the nature of the 4α LCS candidate states,
the total intrinsic density of mean-field state at β = 3.2
is decomposed into the densities of the four lowest occu-
pied s.p. states, as shown in Fig. 7. Our main findings
are as follows:
i) Integration of the densities in panel (a), (b), (c)
and (d) of Fig. 7 over the coordinate gives 4.00,
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FIG. 7: (Color online) The density distribution (in fm−3) of
each s.p. state corresponding to the mean-field configuration
with β = 3.2 in 16O. The s.p. states are labeled with the
quantum numbers [nxnynz] of the largest component in the
HO basis for the large component of Dirac spinor, cf. Eq.(7).
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FIG. 8: (Color online) The weight |fαk|
2 [cf.(7)] of the most
dominated components [nxnynz] in the HO basis for the large
component of Dirac spinors in the mean-field configuration
with β = 3.2 in 16O as a function of quantum number nz.
3.98, 4.00, 2.65, respectively, which turns out to
be 4.00, 3.99, 4.00, 3.51, respectively for the con-
figuration with β = 3.6. Due to pairing correla-
tion, the missing ∼ 1.35 particles (∼ 0.70 neu-
trons and ∼ 0.65 protons) at β = 3.2 or ∼ 0.5
particles (∼ 0.25 neutrons and ∼ 0.25 protons) at
β = 3.6 are scattered to a higher neutron and pro-
ton negative-parity state.
ii) To study the localization of nucleons in these s.p.
states, following Ref. [9] we calculate the localiza-
tion parameter α =
√〈r2〉 − 〈r〉2/r¯, where the av-
erage internucleon equilibrium distance is chosen as
r¯ = 0.9. We obtain 1.2 for Fig. 7(a) and Fig. 7(c)
and 1.8 for Fig. 7(b) and Fig. 7(d), all of which are
much larger than the typical value∼ 1.0 of localized
clustering state. For the configuration at β = 3.6,
which has the most evident 4α LCS, the localiza-
tion parameter α becomes 1.4 and 2.1, respectively,
slightly larger than those at β = 3.2.
iii) The weight of the most dominated HO components
[nx, ny, nz] in the four lowest s.p. states [cf. Fig. 7]
is displayed in Fig. 8, where nx, ny turn out to be
zero in all the dominant HO components. The com-
position of s.p. wave function indicates the one-
dimensional character of the 4α LCS in the mean-
field state at β = 3.2. We note that the s.p. states
labeled with the [004] and [001] in Fig. 7(b) and (d)
actually have other competing HO components, as
a consequence of large deformation.
B. High-spin states
To search for the 4α LCS in high-spin states, we per-
form cranked RMF calculations with various rotational
frequencies. We choose the x-axis as the cranking axis
and start the calculations from a triaxially deformed
Woods-saxon potential [41]. Table III lists the properties
of convergent solutions with the rotational frequencies ω
in between 2.75 and 4.00 MeV. These solutions corre-
spond to the 4α LCS states found in the cranking SHF
calculation, but with the cranking frequency ω higher
than the value in between 1.9 (2.0) and 2.2 (2.1) MeV
using SkI4 (SLy6) force [7]. The angular momentum for
these states ranges from 12.6~ to 18.0~, which is almost
the same as that by the cranking SHF calculation [7] as a
consequence of its quantum nature. According to the def-
inition of angular momentum
√
Jcra(Jcra + 1) = 〈Jˆx〉2,
where 〈Jˆx〉 =
∑A
k=1〈k|jˆx|k〉, one finds that the angu-
lar momentum J is defined by the spin direction of all
nucleons, different from the classic quantities (such as ra-
dius and MOI) which are much dependent on the nuclear
density distribution. The difference in the cranking fre-
quency comes from the different MOI of the states. The
MOI J in the present relativistic calculation is smaller
than that in the non-relativistic calculation. The angu-
lar momentum deduced from the rigid-body MOI can be
calculated as Jrid = J ω, and this value is found to be
similar to the cranking value Jcra.. The deformation β of
these states ranges from 2.1 to 2.6, which is much smaller
than that of the dominated mean-field states in the GCM
states with LCS. Moreover, these states deviates slightly
from axial symmetry with γ = 356◦. It is shown that the
spin-orbit interaction energy SO1 is very close to the sum
of spin-orbit splittings SO2, which has been also found
in the mean-field configurations of low-spin LCS states,
cf. Fig. 1. However, this value is about 1.5 times of that
8TABLE III: The rotational frequency ~ω (MeV), angular mo-
mentum J(~), total energy Etot (MeV), deformations (β, γ),
charge radius (fm), and the spin-orbit energies SO1 and SO2
(MeV). The angular momentum with the rigid-body MOI is
calculated as Jrid = J ω, where the MOI 1/(2J ) = 0.11
(MeV~−2) is obtained from the parametrization of the energy
from the cranking RMF calculations to the rotational formula
Etot(Jcra) = Jcra(Jcra + 1)/(2J ).
(~ω) Jcra Jrid Etot (β, γ) Rch SO1 SO2
0.00 0 0 −127.2 (0.0, 0◦) 2.76 0.8 16.2
2.75 12.63 12.73 −78.3 (2.13, 357◦) 3.55 6.9 6.9
3.00 13.55 13.89 −75.6 (2.16, 356◦) 3.57 6.4 6.5
3.25 14.46 15.05 −72.8 (2.20, 356◦) 3.61 5.9 6.0
3.50 15.39 16.20 −69.7 (2.27, 356◦) 3.64 5.5 5.6
3.75 16.43 17.36 −65.9 (2.39, 356◦) 3.70 5.0 5.1
4.00 17.96 18.52 −60.1 (2.65, 356◦) 3.82 4.3 4.6
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FIG. 9: (Color online) The total density distribution (in
fm−3) at x = 0.3 fm in 16O corresponding to LCS by the
cranking RMF calculation with rotational frequency ~ω =
3.0, 3.5, 4.0 MeV, respectively. The rms radii of (long, medi-
ate, short) axis are (a) (3.0,1.3,1.1) fm, (b) (3.1, 1.4, 1.1) fm,
and (c) (3.3, 1.4, 1.1) fm, respectively.
in the dominated configurations of low-spin LCS states,
indicating the larger mixing of α-breaking component in
high-spin states. We note that the spin-orbit interaction
energy is decreasing with cranking frequency, which is
also found in the cranking SHF calculation [52].
Figure 9 displays the density distribution of the states
at the rotational frequency ω = 3.0, 3.5, 4.0 MeV, respec-
tively. It is shown that the 4α LCS is less obvious than
that shown in the mean-field configurations illustrated
in Fig. 6 and that by the cranking HF calculation based
on the non-relativistic Skyrme EDF [7]. The length of
the longest z-axis with total nucleon density ρ ≤ 0.02
fm−3 is ∼ 13 fm, much shorter than that (∼ 16 fm) in
the non-relativistic Skyrme calculation [7]. It provides a
simple explanation for the smaller MOI J (by a factor
of 1.5 − 1.8) in the present calculation. Moreover, the
density around the central (tip) region is decreasing (in-
creasing) as the rotational frequency increases due to the
increase of the centrifugal force.
Figure 10 displays the energy of occupied s.p. states by
the cranking RMF calculation as a function of rotational
frequency ω. Each state is labeled with the quantum
number of the largest component [nxnynz] in the large
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FIG. 10: (Color online) Energy (εk) of occupied s.p. states in
16O by the cranking RMF calculation as a function of crank-
ing frequency ~ω. Each s.p. state is labeled with the quantum
number of the largest HO component [nxnynz] in the large
component of Dirac spinor, cf. (7).
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FIG. 11: (Color online) Excitation energy of the state in
Tab.III as a function of angular momentum J(J + 1) pre-
dicted by the cranking RMF calculation. The dashed line is
by the rotational formula E(Jcra) = J(J +1)/(2J ) with the
MOI ~2/(2J ) = 0.11 MeV
component of Dirac spinor. Time-reversal partner s.p.
states are not degenerated due to the violation of time-
reversal invariance by the time-odd fields. Therefore, one
observes two s.p. states with the same quantum numbers
[nxnynz] but different energies. Moreover, it is shown
that except the levels around the Fermi energy, all the s.p.
levels are labeled with nx = ny = 0, just different from
each other by the quantum number along z-direction,
which illustrates the one-dimensional character of these
states.
The results of the cranking RMF calculation are plot-
9ted in Fig. 11, which displays the excitation energy as
a function of the angular momentum J(J + 1). The
band-head excitation energy by the extrapolation from
the cranking RMF results is 30.2 MeV at J = 0,
very close to the energy 29.6 MeV of 0+ state by the
GCM+PN1DAMP calculation. The MOI is estimated to
be ~2/(2J ) = 0.11MeV, larger than the value 0.06−0.08
MeV obtained from the cranking SHF calculation. In
other words, we obtain a smaller MOI J , which is mul-
tiplied with a higher rotational frequencies ω resulting
the same angular momentum as the cranking SHF calcu-
lation for LCS candidate states.
IV. SUMMARY
We have searched for the 4α linear-chain structure in
both low-spin and high-spin excited states of 16O within
a covariant density functional theory. The low-spin states
have been calculated by configuration mixing of particle-
number and angular-momentum projected quadrupole
deformed mean-field states from deformation constrained
RMF+BCS calculation. The high-spin states have been
determined by the cranking RMF calculation. Our con-
clusions for the linear-chain structure in high-lying low-
spin and high-spin states are summarized as follows:
i) For the low-spin candidate states, an evident 4α
LCS has been shown in the dominated intrinsic
configurations. The analysis of the intrinsic con-
figuration suggests that the 4α clusters stay along
a common axis. Due to the mixing of α-cluster
breaking components, the spin-orbit energy is not
zero but turns out to be much smaller than that
of shell-like state. Moreover, the spin and orbital
angular momenta are parallel in this alpha-cluster
breaking components. The dynamical correlation
effects from restoration of rotational symmetry and
configuration mixing play an important role in low-
ering (∼9 MeV) the excitation energy of these ex-
otic states. Besides, the energies and B(E2) values
of the rotational band built the second 0+ state has
been reproduced rather well in a fully microscopic
way.
ii) For the rotational high-spin states, the MOI and
band-head (J = 0) excitation energy are esti-
mated to be around 0.11 MeV and 30 MeV, respec-
tively, which are slightly different from the results
(0.06−0.08 MeV and 38 MeV) of the 4α LCS states
found in the previous cranking SHF calculations.
However, the existence of 4α LCS in the high-spin
states found in the present work is less obvious due
to the large mixing of α-breaking components, even
though these states are found at the same angular
momentum region, i.e. 13− 18~.
Finally, we point out that the present study demon-
strates the ability of the projected GCM based on the
CDFT for the cluster structures in nuclear low-spin
states. The extension of the present study to the cluster
structures in excited states of other light nuclei is also
very interesting, such as the stability of clusters found
in superdeformed states of Ar isotopes against the shape
fluctuation [53]. For some other exotic cluster states,
however, the other shape degrees of freedom, such as oc-
tupole deformation might be required. Work along this
direction is in progress. Moreover, we note that for the
high-spin states the cranking solutions pertain to the in-
trinsic frame and therefore cannot directly be compared
to experiment. The implementation of AMP technique
for time-reversal violated system is necessary to carry out
a detailed spectroscopic study for the high-spin states.
Some efforts have recently been devoted along this direc-
tion based on the non-relativistic Skyrme EDF [54, 55].
The application of such methods for the clusters in nu-
clear high-spin states will also be very interesting.
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